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Abstract 

An acyclic edge coloring of a graph G is a proper edge coloring such that the subgraph induced by 
any two color classes is a linear forest (an acyclic graph with maximum degree two); in other words, 
there are no bichromatic cycles in G. The acyclic chromatic index x'a(G) of a graph G is the least number 
of colors needed in any acyclic edge coloring of G. Fiamcik conjectured that x',(G) < A(G) + 2, where 
A(G) is the maximum degree of G. A K-deletion-minimal graph is one with maximum degree at most 
K, and it has no acyclic edge coloring with k colors, but every proper subgraph admits an acyclic edge 
coloring with k colors. In this paper, we give some structure lemmas on the ^--deletion-minimal graphs. 
As applications, we prove that every planar G with maximum average degree less than four admits an 
acyclic edge coloring with A(G) + 2 colors; let G be a planar graph without triangles adjacent to cycles 
of length 3 and 4, and every 5-cycle has at most three edges contained in triangles, then G admits an 
acyclic edge coloring with A(G)-l-2 colors. As immediate consequences, we obtain some known results 
as corollaries. Hopefully, the structure lemmas will be useful on the acyclic edge coloring problem. 

1 Introduction 

All graphs considered are finite, simple and undirected. An acyclic edge coloring of a graph G is a proper 
edge coloring such that the subgraph induced by any two color classes is a linear forest (an acyclic graph 
with maximum degree two); in other words, there are no bichromatic cycles in G. The acyclic chromatic 
index x'aiG) of a graph G is the least number of colors needed in any acyclic edge coloring of G. We 
denote the minimum and maximum degrees of vertices of G by 6(G) and A(G), respectively. 

Fiamcfk [11] stated the following conjecture in 1978, which is well-known as Acyclic Edge Coloring 
Conjecture, and Alon et al. [2] restated it in 2001. 

Conjecture 1. For every graph G, we have x'aiG) < A(G) + 2. 

Alon, McDiarmid and Reed [1] proved that the acyclic chromatic index of a graph G is at most 
64A(G). Molloy and Reed [19] improved the upper bound on the acyclic chromatic index to 16A(G). 
Ndreca et al. [21] improved the upper bound to r9.62(A(G) - 1)]; recently, Esperet and Parreau [10] 
further improved it to 4A(G) by using the so-called entropy compression method. Note that Xfl(G) < 3 if 
A(G) - 2. Burstein [9] proved that every graph with maximum degree 4 has an acyclic vertex coloring 
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with 5 colors. Since an acyclic edge coloring of a graph G is in fact an acyclic vertex coloring of its line 
graph L{G), and the maximum degree of a line graph L{G) of a subcubic graph G is at most 4, it follows 
that Xa(G) < 5 if A(G) = 3. Hence, Conjecture 1 holds for A(G) < 3. Furthermore, Andersen et al. [3] 
proved that the acyclic chromatic index of a connected subcubic graph G is 4, unless G is K4 or 3; 
the acyclic chromatic index of and 7*^3 3 is 5. This conjecture has also been verified for some special 
classes of graphs. Muthu et al. [20] proved that Xfl(G) < A(G) + 1 for outerplanar graphs; Hou et al. [18] 
proved that Xa(G) = A(G) for outerplanar graphs. The conjecture is also true for the planar graphs with 
girth at least five [8, 17]; for the planar graphs with girth at least four [22]. 

Fiedorowicz et al. [13] proved that Xa(G) < 2A(G) + 29 for every planar graphs G. Basavaraju et al. 
[6] showed that the acyclic chromatic index of a planar graph G is at most A(G) + 12. Furthermore, Guan 
et al. [14] improved it to A(G) + 10; and Wang et al. [25] make it to A(G) + 7. 

The maximum average degree mad(G) of a graph G is the largest average degree of its subgraph, that 

is, 

mad(G) - max { > . 

HCC \ W{H)\ j 

For the graphs with small maximum average degree, we have known the following result. 
Theorem 1.1 ([13]). If G is a graph with mad(G) < 4, then x'aiG) < A(G) + 6. 
Theorem 1.2 ([4]). If G is a graph with mad(G) < 4, then ^(G) < A(G) + 3. 

Recently, Wang et al. [26] published the following result, but the proof has some rather serious gaps. 
Theorem 1.3. If G is a graph with mad(G) < 4, then x'JG) ^ MG) + 2. 

A K-deletion-minimal graph is one with maximum degree at most k, and it has no acyclic edge coloring 
with K colors, but every proper subgraph admits an acyclic edge coloring with k colors. A graph property 
V is deletion- closed if V is closed under removal of edges. 

In section 3, we give some structure lemmas on /f-deletion-minimal graphs. In section 4, we present 
some results as applications of these structure lemmas, one of which is a correct proof of Theorem 1.3. 

2 Preliminary 

Let G be a graph and H a subgraph of G. An acyclic edge coloring of H is an partial acyclic edge 
coloring of G. Denote U^iv) the colors which appears at v with respect to (p, and let C^{v) - [k] \ U^iv). 
Let S^iuu) - U^iv) \ {(piuv)]. An (Q;,yS)-maximal bichromatic path with respect to is a maximal path 
whose edges are colored by a and p alternately. In other words, an (ci',yS)-maximal bichromatic path with 
respect to is a component of the graph induced by the edges with color a or (3. An (a,/?, u, ii)-critical 
path with respect to (p is an (a,y6)-maximal bichromatic path with respect to which starts at u with color 
a and ends at v. 

Let be a partial acyclic edge coloring of G. A color a is candidate for an edge e in G with respect 
to a partial edge coloring of G if none of the adjacent edges of e is colored with a. A candidate color a is 
valid for an edge e if assigning the color ff to e does not result any bichromatic cycle in G. 

Fact 1. Given partial acyclic edge coloring of G and two colors a,yS, there exits at most one (a,/3)- 
maximal path containing a particular vertex v. 

For an acyclic edge coloring of G - uu, let W(uv) = {«, | mm, e E(G) and (p(uui) e tf^iv)]. 

Fact 2. Let G be a /(--deletion-minimal graph and uv an edge of G. If (p is an acyclic edge coloring 
of G - uv, then every candidate color for uv is not valid. Furthermore, if U^iu) n U^iv) - 0, then 
deg(M) + deg(y) = + 2; if II/^Cm) n 1l^{v)\ = s, then deg(M) + deg(t;) + 'Zwewm deg(iy) >k + 2s + 2. 
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The degree of a vertex v in G, denoted by deg(i)), is the number of incident edges of G. A vertex 
of degree k is called a A:-vertex, and a vertex of degree at most or at least k is call a k^- or A:^-vertex, 
respectively. Let [k] stands for the set {1, ... 

3 Structure Lemmas 

Lemma 1. If G is a /c-deletion-minimal graph, then G is 2-connected. 

Lemma 2 ([16]). If G is a /c-deletion-minimal graph and be a vertex of G, then 



Lemma 3. Let G be a /c-deletion-minimal graph. If v is adjacent to a 2-vertex vq and Nc(vo) - {v, w}, then 
V is adjacent to at least k - deg(u;) + 1 vertices of degree at least k - deg(u) + 2. Moreover, 

(i) if V and w are adjacent, then u is adjacent to at least k - deg(u;) + 2 vertices of degree at least 
K - deg(t;) -1- 2, and deg(y) > k - deg{w) + 3; 

(ii) if K > A(G) + 2 and u is adjacent to precisely k - A(G) -i- 1 vertices of degree at least k - A(G) + 2, 
then u is adjacent to at most deg(u) + A(G) - k-3 vertices of degree two and deg(v) > k- A(G) + 4. 

Proof. Since G is ^--deletion-minimal, it follows that G - vq admits an acyclic edge coloring (p with k 
colors. Without loss of generality, assume that Nc{v) - {v^),Vl, . . . ,v„] and (fi(vvi) - / for / - 1,2,..., n. 
If deg(Li) = K, then there is nothing to prove by Lemma 2. So we may assume deg(t;) < k. Assume that 
C^(w) n C^iu) + 0. Choose colors Q\ € C^{w) n C^(u) and 02 e C^(u) \ {6i}, and extend by assigning 0i 
to wv^) and assigning 02 to uuq, we obtain an acyclic edge coloring of G with k colors, a contradiction. So 
we may assume that C^(w) n C^{v) = 0. Consequently, C^(w) c U^iv) and C^(v) c U^iw). So we may 
assume that C^iw) - {!,... ,m), where m-K - deg(it)) + I. 

Hence, for every / in C^(w) and every j in C^iv), there exists an {i, j, v, i(;)-critical path with respect 
to <p; otherwise, extend by assigning / to wvq and assigning j to vvq, we obtain an acyclic edge coloring 
of G with K colors, a contradiction. Thus, for every / e {!,... ,m), we have {n + 1, . . . ,a-) c Uivi). Note 
that \C^{w)\ - K - deg(io) + 1 and |C0(!;)| - k - deg(t;) + I. Hence, the vertex v is adjacent to at least 
K — dsgiw) + 1 vertices of degree at least k - deg(y) + 2. 

(i) By Lemma 2, we have deg(iu) > k + 2 - deg(t;), and thus u; is a (/<■ - dtg(v) + 2)-vertex. Note that 
w i {v\,V2, ■ ■ ■ , v„i], so (i) holds. 

(ii) From now on, we assume that k > A(G) + 2 and v is adjacent to precisely k - A(G) + 1 vertices of 
degree at least k - A(G) + 2. It follows that deg(u;) — A(G). Hence, the precisely k — A{G) + 1 vertices 
of degree at least k - A(G) + 2 are ui, . . . , y„,. By contradiction, we may assume that v, is a 2-vertex 
and Ncivi) - {u, Wj} for / = m + 2, . . . ,n. Note that {uq, Vm+2, ■ ■ ■ ,>'n] is an independent set in G by the 
2-connectedness, thus w i {v„i+2, ■ ■ ■ , "n}- 

Claim 1. For every / in { 1 , . . . , m) and every j in {m + 1, . . . ,n], there exists an (i, j, v, u;)-critical path with 
respect to 0. 

Proof. Suppose that there exists an / in { 1 , . . . , m} and a /' in {m -H 1 , . . . , n) such that there is no (/, j, u, w)- 
critical path with respect to <p. Modify by erasing the color j from uuj and assigning / to wuo and 
assigning j to uuq, we obtain an acyclic edge coloring tfr of G - vuj with k colors. By Fact 2, Uipiv) n 
1l^{vj) + since deg(y) H- deg(t;;) < deg(!;) + {k- A(G) + 1) < /c -H 2. 

Suppose that S^{uuj) n {m -H 1, ...,«)= 0. Extend i// by assigning a color in C^iv) \ S^{uuj) to vuj, we 
obtain an acycUc edge coloring of G, a contradiction. Hence, we may assume that 5,/,(t;yj)ri{m-i-l, ...,«) 9^ 
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0. If degivj) = 2, then \^(^(u) n ^l^(vj)\ = 1, but deg(u) + deg(vj) + Z,eW(.vj) deg(x) < deg(u) + 2 + (k- 
A(G) + 1) < A- + 4, which contradicts Fact 2. Hence, uj must be a 3^-vertex and /' - m + I. Without loss 
of generality, we may assume that n e S^(uu„+i). By Fact 2, we have S ^{uu„,+i) n {1, . . . ,m) 0. Hence, 
{n + 1,. . .,k}\ {S^(vv,„+i) U {(p{viwi) I Lij e W(t;yj) and ; > m + 2)) 0; but every color in this set is valid 
for vv,„^i with respect to 4>, a contradiction. □ 

Hence, deg(ii,) = A(G) and S^ivu,) = {m + 1, . . . ,a:) for every / in {!,... ,m). Let 0y be the proper 
edge coloring obtained from <f) by exchanging the colors on uu, and uuj for 1 < / < j < m. 

Claim 2. There exists /q and jo in {I, ... ,m} such that the coloring (pi^j^ has no bichromatic cycle con- 
taining the edge vu,„+i. 

Proof. The vertex u,„+i is a vertex of degree at most m, there are at most m - 1 critical paths with respect 
to (p containing uum+i and passing through y,„+i. Hence, there exists a vertex in {t;i, . . . , u,„}, say U[, such 
that there is no (m + 1, /, u, t;i)-critical path with respect to for every color / in [a-]. Note that m > 3; 
therefore, 0i 2 is the desired coloring if there is no (m+ 1, 1, y, i;2)-critical path with respect to <p; otherwise, 
01 3 is the desired coloring. □ 

Without loss of generality, we may assume that <pi^2 is the coloring obtained in Claim 2. If 0i 2 is an 
acyclic edge coloring of G - vq, then extend 0i_2 by assigning k to vuq and assigning 1 to wuq, we obtain an 
acyclic edge coloring of G, which is a contradiction. Hence, the coloring 0i,2 is not an acyclic edge color- 
ing of G - uo, and then it admits bichromatic cycle containing vvi or 11^2 but not containing uu,„+i. Let Ti - 
{6 \ 6 e {m + 2, . . . , k} and there exists an (1, 0)-bichromatic cycle containing vv2 with respect to 0i,2)- Let 
T2 - {0 \ ^ {m+2, ...,*■) and there exists an (2, 0)-bichromatic cycle containing vui with respect to 0i,2)- 
Consequently, we have Ti U 72 ?i 0. Note that Ti r\T2 = 0, since all the vertices Vj with / > m + 2 are 
2- vertices. 

Claim 3. We may assume that ITil < 1 and \T2\ < 1. 

Proof. Without loss of generality, we may assume that Ti = {m + 2, . . . , r] and T2 = «), where 

r < s (note that Ti r\T2 = 0). If \Ti\ > 1, then recolor vu, with / + 1 for m + 2 < i < r - 1 and recolor 
vUf with m + 2. Similarly, if \T2\ > 1, then recolor uuj with j + 1 for s < j < n - I and recolor vv„ with s. 
Finally, we obtain a proper edge coloring ip' of G - uq satisfying ITil < 1 and \T2\ < 1 with respect to i/r', 
but it has no bichromatic cycle containing vv,„+[. a 

By symmetry, we may assume that \Ti\ > \T2\ and Ti - {m + 2). The following proof is divided into 
two cases: 

Case 1. \T2\ = 0. 

Modify 012 by assigning 1 to wuo and assigning m -H 2 to vuq, and erasing the colors on vu,„+2 and 
v„,+2W„,+2, we obtain an acyclic edge coloring 0* of G - y,„+2- By similar arguments as above, we know 
that deg(u;„,+2) - A(G) and C,/,.(iy,„+2) = {1, ■ ■ ■ Extend ip* by reassigning k to uv,„+2 and reassigning 
m to v,„+2Wm+2 (note that iy,„+2 ^ w since 1 i 1l^{w) and 1 G K^{w„+2)), we obtain an acyclic edge 
coloring of G, a contradiction. 

Case 2. \T2\ = L 

Without loss of generality, we may assume that T2 - {m + 3). Obviously, ^(vm+2Wm+2) = 1 and 
<p(Vm+3Wm+3) = 2. Notc that w + w,„+2 and w + w,„+3 since C^(w) - {1, . . . ,m) but 1 e 1Jii,{w„,+2) and 
2 G 1{^(w„,+2)- Suppose that there is a color in C0(iu,„+3) with e {3, . . . , m) U {n -H 1, . . . , /c). Modify 0i 2 
by reassigning to u„,+iW,„+3, the resulting coloring has similar properties as 0i 2 and then we go back to 
Case I. Hence, C^iWm+s) c {1) U {m -H 1, . . . , «), so we may assume that there exists a color in C^{w„,+j,) 
with m + I < < n. Since deg(y) + deg(y,„+3) + deg(yfl) < A(G) + 2 + (k - A(G) -H 1) < /c -H 4, we can 
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modify 4>\,2 by reassigning to v,„+t,w,„+t, and reassigning a suitable color to t;Um+3, such that the resulting 
proper edge coloring has no bichromatic cycle containing ^^,,,+3, then we go back to Case 1. □ 

Lemma 4. Let G be a /c-deletion-minimal graph with k > A(G)+2. If vq is a 2-vertex, then every neighbor 
of i>o has degree at least k - A(G) + 4. 

Proof. Let Ndvo) - w}. By contradiction and Lemma 3, suppose that y is a (a- - A(G) + 3)-vertex and 
Ncif) = {uo,U[, . . . ,v„},wheien - k-A(G)+2. Since G is A:-deletion-minimal, it follows that G-uq admits 
an acyclic edge coloring with k colors. Without loss of generality, assume that (p(vuj) = / for i - I,. . . ,n, 
and then C^(u) - {n + 1, . . . ,k}. Assume that C^{w) n C^iu) + 0. Choose colors Qi e C^{w) n C^iv) and 
02 e C^{w) \ {9i}, and extend <p by assigning 61 to vvq and assigning 62 to wvq, we obtain an acycUc edge 
coloring of G with k colors, a contradiction. So we may assume that C^{w) n C^(u) - 0. Consequently, 
C^(w) c {!,...,«) and {« + 1 , . . . , /c) c 'U^{w). Hence, for every / in C^{w) and each j in C^iv), there exists 
an j, v, u;)-critical path with respect to 0; otherwise, extend (p by assigning ; to wvq and assigning j to vvq, 
we obtain an acyclic edge coloring of G with k colors, a contradiction. Thus, for every / e C^{w), we have 
{n+\, . . . ,k] c tl^{vi). Without loss of generality, we may assume that {!,... ,n-l) c Cij,{w) c {1, . . . , n). 

For every pair of / and j with 1 < / < j < n, modify (p by exchanging the colors on vv, and Wj, we 
obtain an edge coloring of G - uo, we denote this coloring by (pjj. Note that !</<«-! and / € C^iui). 

Claim 1. If the coloring 0, y is a proper edge coloring of G - vq, then it must contain bichromatic cycles. 

Proof. If 4>i,i is an acyclic edge coloring of G - ^o, then extend 0, ^ by assigning / to wvq and assigning k 
to wq, we obtain an acyclic edge coloring of G, a contradiction. □ 

Claim 2. {n + 1, . . . , /f) c ^/^(y,,). 

Proof. By contradiction, assume that y'o 6 {n + 1, . . . , /c) n C^(v„). Note that w + v„ since Jq e U^iw) but 
Jo i U^ipn) . Modify by assigning 1 to wvq and assigning n to vvq and reassigning jo to Wn, we obtain a 
proper edge coloring of G, then it must contain an (n, l)-bichromatic cycle containing vvq; otherwise, it is 
an acyclic edge coloring of G, a contradiction. Hence, n e 1J^(v\) and S ^{w\) = {«,... ,*■). Similarly, we 
can prove that S^ivvi) = {n, . . . ,a-) for / = 1, ... ,n - 1. Hence, all the colorings 0, y with 1 < / < j < n - I 
are proper edge coloring of G - uq, and then there exists bichromatic cycles containing vu„ with respect 
to each of these colorings by Claim I. Without loss of generality, we may assume that there exists an 
(n, 2)-bichromatic cycle with respect to 0i 2; in other words, there exists an (n, 2, v, i)i)-critical path with 
respect to (p. Hence, for every t with 2 < f < n - 1, there is no («, 2, v, L),)-critical path with respect to 
(p. Suppose that n > 5. Hence, there exists an («, 3)-bichromatic cycle containing uu„ with respect to 
02,3 and there exists an (n, 4)-bichromatic cycle containing vu„ with respect to 02,4 ; in other words, there 
exists an (n, 3, u, U2)- and (n, 4, v, (;2)-critical path with respect to (p. But ^3 4 is an acyclic edge coloring of 
G - uq, which contradicts Claim 1. Thus, n - A. There exists an (4, 3)-bichromatic cycle containing vv/i 
with respect to 02,3, and then there exists an (4, 3, v, D2)-critical path with respect to 0. Hence, there is no 
(4, 3)-bichromatic cycle containing vvn with respect to 0i.3, and thus there is an (4, 1, v, y3)-critical path 
with respect to 0. Modify by reassigning 3, 1 , 2 to yui , vv2, vvj, respectively, and assigning 1 to wuq and 
assigning k to uuo, we obtain an acyclic edge coloring of G, a contradiction. □ 

Now, we have {n + 1, . . . ,k} c S ^(uui) for / - 1, ... ,n, it follows that IS^ivv,) n {1, . . . ,n)| < 1 for 
i — 1, . . . , n. 

Claim 3. If S^(vv„) n {1, . . . ,n) = 0, then S^(vvi) - {n, . . . , k} fov i - I, . . . ,n - I. 

Proof. By contradiction and the symmetry, assume that n i S^{wn-\)- By Claim 1, the proper edge 
coloring 0„_i „ must contain bichromatic cycles. Note that there is no bichromatic cycle containing vv„, it 
follows that there exists an (n, /)-bichromatic cycle containing vvn^x with respect to 0„-i,„, where / < n-2. 
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By symmetry, assume that there exists an (n, l)-bi chromatic cycle containing vv„-i with respect to 0„-i,„. 
Hence, 5^(yy„_i)ri{l, . . . n) - {1} andS 0{vvi)r\{l, . . . , n) = {«). If there exists a vertex vj with 2 < j < n-2 
such that n € S^iwj), then 4>\,i is an acycHc edge coloring of G - uo, which contradicts Claim 1. Hence, 
for every vertex Vj with 2 < y < n - 2, we have n ^ S^(wj). Since there exists an (l,n,u, y„_i)-critical 
path with respect to 0, thus <p2j, is an acyclic edge coloring of G - uq, which contradicts Claim 1 . □ 

By Claim 3, if S ^{uu„)r\{l, . . . , n) -d), then S^iuuj) = {n, . . . , a:) for / = 1, ... ,n - 1, and then <pi^2 is an 
acyclic edge coloring of G-vq, which contradicts Claim 1. So we may assume that 5^(Li„)n{l, . . . , n) 0. 
By symmetry, assume that n - 1 € S^{uu„). 

Case 1. There are at least two vertices y; with / e { 1, . . . , n - 2) such that n e S^iuu,). 

Without loss of generality, we may assume that n e U^ipi) n 'U^{v2). The coloring 0i_2 is an acyclic 
edge coloring of G - fo, which contradicts Claim 1. 

Case 2. For every vertex u; with 1 < / < n - 2, we have n e C^ivi). 

If 1 € tl^ivn^i), then the proper edge coloring 02,« is an acyclic edge coloring of G - v^, which 
contradicts Claim 1. So we may assume that 1 i ^^(u„_i). By Claim 1, the proper edge coloring 0; „ 
must contain (n,n - l)-bichromatic cycle containing vvi and n € S^{vvn-i), but 02,« is an acyclic edge 
coloring of G - ^o, which contradicts Claim 1 . 

Case 3. There is only one vertex u, with 1 < i < n - 2 such that n € S^{vvi). By symmetry, we may 
assume that n e K^{v2). 

Subcase 3.1. {l,n) c C0(i;„_i). 

By Claim 1, the proper edge coloring 0i „ must contain («, 2)-bichromatic cycle containing vvi . Hence, 
2 e S^(vui). If n - 4, then 0i 3 is an acyclic edge coloring of G - uo, which contradicts Claim 1. So we 
may assume that n > 5. The proper edge coloring must contains an bichromatic cycle containing 

vVn^i, say (1, /)-bichromatic cycle, where / e {3, ... ,n - 2}. Without loss of generality, we may assume 
that there is (1, 3)-bichromatic cycle with respect to <pi^„-i. Hence, 1 e S^ivuj,) and 3 e S ^{vv„-\). Modify 
by reassigning 'i,\,2x.o vvi,vv2,vvt, respectively, and assigning 2 to wvq and assigning k to wq, we obtain 
an acyclic edge coloring of G, a contradiction. 

Subcase 3.2. {1,«) n S^{vv„_i) + 0. 

Suppose that 2 e H^{v\). Modify by reassigning n - 1, 1,2 to vv\, uu2, vv„-i respectively, we obtain 
an acyclic edge coloring of G - vq, and extend it by assigning 2 to wuq and assigning k to uvq, we obtain 
an acyclic edge coloring of G, a contradiction. So we may assume that 2 i U^ivx). By Claim 1, the 
proper edge coloring (p\ 2 admits a bichromatic cycle containing vvi. Thus, n > 5. So we may assume that 
there is a (2, 3)-bichromatic cycle with respect to 0i 2, hence 3 e S^{vvi) and 2 e S^ivv^). Modify (p by 
reassigning 2,3,1 to uui , uu2, vu^ respectively, and assigning 2 to wuq and assigning k to uvq, we obtain an 
acyclic edge coloring of G, a contradiction. □ 

Lemma 5. Let G be a /c-deletion-minimal graph with k > A(G) + 1. If dq is a 2-vertex, then every neighbor 
of has degree at least four. 

Proof. Let Ncivo) - {v,w}. By contradiction and Lemma 3, suppose that i> is a 3-vertex and N(j{v) - 
{vo,vi,V2}. Since G is /(--deletion-minimal, it follows that G - uq admits an acyclic edge coloring (p with 
K colors. Without loss of generality, assume that ip{vvi) = / for / = 1,2, and then C^iv) = {3, . . . ,k}. 
Assume that C^(w) n {3,...,k} + 0. Choose colors Q\ 6 C^(w) n {3, . . . , /c) and Q2 e C^{\jS) \ {Q\\, and 
extend by assigning Q\ to and assigning Q2 to idoq, we obtain an acyclic edge coloring of G with k 
colors, a contradiction. So we may assume that C^{u)) Pi {3, . . . ,/c) = 0. Consequently, C^{w) = {1,2) 
and deg(u;) = A(G). Hence, for / = 1,2 and each y in {3, . . . , /c}, there exists an {i, j, v, w)-critical path 
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with respect to (p; otherwise, extend <p by assigning / to woo and assigning /' to vv{), we obtain an acyclic 
edge coloring of G with k colors, a contradiction. Thus, for every i = 1, 2, we have deg(i;,) = A(G) and 
S<i,{vvi) = {3, . . .,/<•}. Modify by exchanging the colors on vvi and VV2, we obtain a new acychc edge 
coloring of G - vq; extend this coloring by assigning 1 to wvq and k to vvq, we obtain an acyclic edge 
coloring of G, a contradiction. □ 

Lemma 6. Let G be a /c-deletion-minimal graph with k > A(G) + 2, and let y be a 3-vertex with N{v) = 
{w, vi, V2}. If deg(iy) = k - A(G) + 2, then G has the following properties: 

(a) for any acychc edge coloring (pofG-vw with k colors, we have lll^iv) n 'U^{w)\ = 1. Without loss 
of generality, assume that lA^iv) n lA^iw) = {^{vv{)}. 

(b) deg(.i) = A(G) > deg(.2) >k- A(G) + 3; 

(c) the edge wv is not contained in any triangle in G and w is adjacent to exactly one 3"-vertex, say v\ 

(d) the vertex vi is adjacent to at least k - deg(i;2) + 1 vertices of degree at least k - A(G) + 2; 

(e) the vertex V2 is adjacent to at least k - A(G) vertices of degree at least k - deg(i;2) + 2; 

(f) the vertex V2 is adjacent to at least k - A(G) + 1 vertices of degree at least four. 

Proof. Letn = k-A(G)+1. Notethatn > 3. Without loss of generality, assume that A^Cw) - {u, xi, . . . , x„} 
and (piwxi) = ifoi i = 1, . . . , n. If K^w) n K^iv) = 0, then deg(u;) + deg(v) < A(G) + 3 < k + 2, which 
contradicts Fact 2. Hence, \1(^(w) n '^/^(d)! > L Without loss of generality, assume that (pivvi) - 1. 

Claim 1. \^^^(w) m(4v)\ = 1. 

Proof. By contradiction, without loss of generality, we may assume that (pivv2) - 2. For any i e {n + 
1,...,k], there exists an (1, i, v, {/;)-critical path with respect to </> or there exists an (2, i, v, «;)-critical path 
with respect to ^. 

Let T\ = {i \ i € {n + I, . . . ,k] and there exists an (1, j, v, i(;)-critical path with respect to <p} 
and T2 = U \ j € [n + I, . . . , k] and there exists an (2, j, v, «))-critical path with respect to 0}. 

Hence, T\ U T2 = [n + I, . . . , k]. 

Case 1. Either 5^(1)1)1) ^ {n+ 1,...,k} otS^{vv2) ^ {n + 1, ... ,/<:}. 

Without loss of generality, assume that n + 1 ^ S^(vv2). By the assumption, it follows that there 
exists an (l,n + 1, v, it))-critical path with respect to (p. Modify by reassigning n + 1 to VV2, we obtain 
a new acyclic edge coloring i//ofG-vw with {K^iw) n 'U^(v)\ = 1. Note that every candidate color for 
vw is not valid; in other words, for every 6 e {n + 2, . . . , k}, there exists an (l,6,u, iy)-critical path with 
respect to tp (the same with respect to (p). Consequently, S^(vvi) = S^(wxi) = [n + I,. . . ,k]. Modify 
(f> by reassigning 3 to ut>i, we obtain another acyclic edge coloring (p* of G — vw. Similarly, we can 
prove that, for every 9 e {n + \, . . . ,k], there exists an (3, 9, v, w)-critical path with respect to (p*, and 
S^pivvi) = S^iwx-i) = {« + !,...,/<•). Modify ^ by exchanging the colors on wxi and wx'i, we obtain a new 
acyclic edge coloring of G - vw, but now k is valid for vw, a contradiction. 

Case 2. S^ivvx) 2 {« + 1, . . . ,/f) and S^(vv2) 2 {n + 1, . . . ,*:). 
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In fact, S^(vvi) - {n + l, . . . ,k} andS^(uu2) - {n + l, . . . ,k}. By symmetry, we may assume that Ti + 0. 
Modify by exchanging the colors on vv\ and m2, we obtain a new acycHc edge coloring of G - vw. Note 
that every candidate color for vw is not valid. In other words, if assign an arbitrary color in T2 to vw, 
then there exists an (1, 02)-bichromatic cycle containing vw, if assign an arbitrary color Q\ in T\ to vw, then 
there exists an (2, 0i)-bichromatic cycle containing vw. Now, we have S ^(wx{) - S ^{wx^) = Ti U T2 - 
{n+l, ... ,k}. Modify (/> by reassigning 3 to vvi and reassigning 1 to l)i>2, and choosing an arbitrary color 0i 
in Ti and assigning it to vw, the resulting proper edge coloring has an (3, 0i)-bichromatic cycle containing 
vw. Modify by exchanging the colors on wxi and wx2, and reassigning 3 to vv2, we obtain an acyclic 
edge coloring of G - vw. But every color in Ti is valid for vw with respect to this acyclic edge coloring of 
G - vw, which derive a contradiction. □ 

Therefore, for any acyclic edge coloring ^ of G - vw with k colors, we have \K^(v) n H^{w)\ - 1. 

Without loss of generality, let (p{vv2) -n+l. For every color in {n + 2, . . . , k} for vw, there exists 
an(l,d,v, i(;)-critical path with respect to <p; otherwise, the color 6 is valid for vw, a contradiction. Hence, 
U^(v\) □ {\,n + 2, . . . ,k] and ^^(xi) 2 {l,n + 2, . . . , k}. Consequently, there is no (1, 0, v, !;2)-critical path 
with respect to <p for any 6 e {n + 2, . . . , k}. 

Claim 2. There is an (1, « + 1, y, if)-critical path (not including V2) with respect to (p. 

Proof. Suppose that there is no (1, « + 1, y, u;)-critical path with respect to <p. Erase n+l from vv2 and 
assign n + 1 to vw, it yields an acyclic edge coloring t//* of G - vv2. Note that U^^iv) n K^'(v2) = {!) by 
Fact 2. If there is a color 6 in {n + 2, . . . , k} n C^'(v2), then 6 is valid for vv2 with respect to i//* since there 
is no (1, 0, y, !;2)-critical path with respect to 0, a contradiction. It follows that 1/0(02) 2 {!,« + 1, •■■,'<■); 
in fact, we have 'U^{v2) - {l,n + 1, . . . ,k] and C^{v2) - [2, . . . , n]. If C^{v\) n {2, . . . , n) 0, then choose 
an a € C^{v\) n {2, . . . ,«} and assign a to vv2, it yields an acyclic edge coloring of G with k colors, 
which is a contradiction. Therefore, {2, . . . , «) c U^ivi) and tl^ivi) 2 {1, . . . ,n,n + 2, . . . ,k], and then 
deg(i>i) > K - I > A(G) + 1, which derive a contradiction. □ 

Now, for every 9 in {n + I,. . . ,k], there exists an {l,9,v, iy)-critical path with respect to 0. Hence, 
Hipivi) 3 {l,n + 1, . . . ,a:) and %(^{xi) 2 {l,n + 1, . . . ,/c). Furthermore, deg{vi) - deg(^i) - A(G) and 
K^ivi) = U^(xi) - {l,n+ I,.. .,k]. Note that wvi i E(G) since S ^(vw) n S^{vvi) - 0. 

Claim 3. {1, ...,«) n C0(y2) = 0- 

Proof. Suppose, towards a contradiction, that there is a color a in {!,...,«) n C^(v2). Modify (p by 
reassigning a to 1102 and reassigning a color y6 in { 1 , . . . , «) \ {ff) to ddi , we obtain an acyclic edge coloring 
(f>* of G - vw with K colors. But YU^-iw) n '^/^.(d)! = 2, which contradicts Lemma 6 (a). □ 

Consequently, U^{v2) 2 {!,. ..,«+!) and C^{v2) Q {n + 2, . . . ,k]. Without loss of generality, we may 
assume that C^{v2) - {n + 2, . . . , m). Note that m > 2{k - A(G) + 1) since 1^(^2)1 > k - A(G). 

Claim 4. For every 6 e {2, . . . , n} and each A e {n + I, . . . , m], if reassigning A to 1102, then there exists an 
{A, 9, V, L)i)-critical path (not including 10) with respect to (p. 

Proof. Suppose that there exists a color 9* € {2, . . . ,«) and a /I* e {n + 1, . . . ,m) such that there is no 
{A* ,0* , V, t;i)-critical path if reassigning A* to vv2. Modify by reassigning 0* to vvi and reassigning A* 
to VV2, we obtain an acyclic edge coloring of G - yu; with k colors; by similar arguments as in Claim 1, 
we have '^/^(jCfl.) - {0*,n + l,...,/c). Therefore, modify by exchanging the colors on m.ici and lojcg., we 
obtain an acyclic edge coloring of G - vw, but k is valid for vw with respect to this coloring, which derive 
a contradiction. Note that w does not on the (/1, 0, u, t;i)-critical path if reassign A to VV2, for otherwise 
A e U^(w). □ 
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Without loss of generality, let Nc(v\) - {v,y„+\,yn+2, ■ ■ ■ jUk] and let (p{viyx) - A for every A - 
n + \, . . . ,K. Hence, for every A e {n + \,. . . ,m], we have ^^(ija) 2 ■ ■ ■ ,n,A} and deg(j/,)) > n + 1, 
and then ui is adjacent to at least k - deg(t;2) + 1 neighbors of degree at least « + 1. Meanwhile, for every 
€ {2, . . . ,n}, we have U^ize) 2 {n + 1, . . . , m, 0) and deg(zfl) > n + 1, and then there are at least k - A(G) 
neighbors of V2 having degree at least k - deg(t;2) + 2. Note that wv2 i E(Gy, otherwise, if (p{wv2) - 1, 
then it contradicts Claim 1; if (piwv2) e {2, . . . , «), then it contradicts Claim 4. Hence, the edge wv is not 
contained in any triangle. 

Claim 5. deg(y2) >k- A(G) + 3. 

Proof. If deg(u2) - k- A(G) + 2 = « + 1 , then 'll^(u2) - + and m = k. By the above arguments, 

we have S^(v2Zi) = {« + 1, ... ,a-) for every vertex z, with 2 < i < n. Modify (p by exchanging the colors 
on U2Z2 and V2Zi, reassigning 2 to uui, we obtain an acyclic edge coloring of G - vw, but k is valid for vw 
with respect to this coloring, a contradiction. □ 

Consequently, deg(ui) - A(G) > deg(y2) > k - A(G) + 3. 
Claim 6. The vertices in {x2, . . . , x„) are all 4^-vertices. 

Proof. By contradiction and the symmetry, suppose that X2 is a 3 -vertex. By Lemma 3, the vertex X2 is a 
3-vertex. Modify by erasing the color on 111x2 and assigning 2 to vw, we obtain an acyclic edge coloring 
0* of G - WX2- By Lemma 6, we have YU^iw) n t(ii,{x2)\ = 1. If Uipiw) n Uif,{x2) - [l], then there is a 
color 9 with 6>n+ I such that it is valid for 111x2, a contradiction. If Uipiw) n 'U^(x2) = {3) c {3, . . . , n), 
then we can similarly prove that U^ix-i) - {3,n + 1, . . . ,k}. Modify by exchanging colors on wxi and 
10x3, we obtain a new acyclic edge coloring of G - vw, but k is valid for viv with respect to this coloring, a 
contradiction. Therefore, the vertices in {x2, . . . , x„} are all 4^-vertices. □ 

In what follows, suppose that V2 is only adjacent to precisely a- - A vertices of degree at least four, 
say Z2, ■ ■ ■ ,Zn- By Lemma 3, all the other neighbors of U2 has degree three. Modify (p by reassigning 2 
to uui, reassigning 1 to vu2 and assigning « + 1 to vw, erasing the color 1 from 11221, we obtain an acyclic 
edge coloring tt of G - U2Zi. By Fact 2, we have H„{v2) n tl„(,Z\) + 0. Let Nq{z\) - {z'pZ", U2)- If 
S i^{v2Z\) £ {2, . . . , m), then every color in {n + 1, . . . , m) \ S ^{v2Z\) is valid for V2Z\ with respect to a 
contradiction. So we may assume that 0(ziz") - m+\. 

Suppose that ^(ziz'j) e \m + 2, ...,/f), without loss of generality, assume that <^(ziz'i) - m + 2. 
Hence, for every color 6* in {n + 1 , . . . , m), there exists an (m + 1 , 0, zi , i'2)-critical path or there exists an 
(m + 2, 0, zi , ii2)-critical path with respect to n. Without loss of generality, we may assume that there exists 
an (m + l,n + l,zi, i'2)-critical path and an (m + l,n + 2, zi, 1)2) -critical path with respect to n. Hence, 
S(p(v2Zm+i) - {n + l,n + 2). Modify n by reassigning n -t- 3 to V2Zm+i, we obtain a new acyclic edge 
coloring n' of G - U2Z\- The candidate color « + 1 and « -1- 2 for V2Z1 is not valid with respect to tt', it 
follows that S^(v2Zm+2) = {n + l,n + 2). Now, we have Sip{v2Zm+i) - S ^{v2Zm+i) - [n + l,n + 2), but 
n -H 3 is valid for V2Z\ with respect to tt, a contradiction. So we may assume that ^*(ziz']) e {2, . . . ,m]. 
Since all the candidate colors for V2Z\ is not valid with respect to tt, it follows that, for every color in 
{n + \ , . . . ,m]\ {0(ziz'j )), there exists an (m + 1 , 0, zi , t;2)-critical path with respect to tt; consequently, we 
have OT = 6, n = 3, deg(y2) = A(G) and S^{v2Zi) U {(l){z\z[)} - {4,5,6). 

Without loss of generality, assume that ^(ziz'i) = 6 and (piziz'i) - 4 and <p{ziz'-j') = 5. There exists an 
(2, 7, u, t;2)-critical path with respect to n; otherwise, modify tt by reassigning 7 to uv2 and reassigning 6 to 
L'2Z7 and reassigning 1 to U2Z1, we obtain an acyclic edge coloring of G, a contradiction. Similarly, there 
exists an (3, 7, v, i>2)-critical path with respect to n if reassigning 3 to uvi . Hence, S^{v2Z2) n S ii,{v2Z3) 2 
{4, 5, 6,1]. If A(G) - 5, then S ^{v2Z2) = S^{v2Z3) = {4, 5, 6, 7), modify (p by exchanging the colors on D2Z2 
and V2Z3, reassigning 2 to uvi and reassigning 4 to uu2 and reassigning 5 to wu, we obtain an acyclic edge 
coloring of G, a contradiction. So we may assume that A(G) > 6 and k - A(G) H- 2 > 8. 
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If there exists a vertex z, with / > 8 such that S^(v2Zi) Q {1, ... ,6), then modify tt by exchanging 
the colors on U2Z7 and V2Zi, we obtain an acyclic edge coloring of G - U2Zi, but now 4 is valid for V2Z\, a 
contradiction. So we may assume that \S^(v2Zi) n {1, . . . , 6)| < 1 for every / in {8, ... , k}. 

Suppose that 7 g S^(v2Zi) for some ; with / > 8, without loss of generality, assume that (piziz") = 7. 
Modify n by erasing / from V2Zi and reassigning / to V2Z\, we obtain an acyclic edge coloring ;7r2 of G - V2Zi- 
For every 6 in {4, 5, 6) \ {(piziz'j)}, there is no (7, 9, Zi, U2)-critical path with respect to 7T2, hence there exists 
an {<p{ziz'i), 0,Zi,V2)-cntical path. Hence, <p{ziz'i) > 8. Consequently, there exists an t with f > 8 and 
(pi^iZt) = ipiziz'i) = t such that S^{v2Zt) 2 {4, 5, 6) \ {(f>(ziz'j) - {4, 5, 6), which contradicts the fact that v, is 
a 3-vertex. Therefore, 7 i S ^(u2Zi) for every / > 8. Modify n by exchanging the colors on V2Z7 and V2Z$, 
we obtain an acyclic edge coloring of G - U2Z\, but now 4 is valid for U2Zi, a contradiction. □ 

Lemma 7 (Hou et al. [16]). Let G be a /c-deletion-minimal graph with k > A(G) + 2. If u is a 3-vertex, 
then every neighbor of vis a (k - A(G) + 2)^-vertex. 

A vertex is a special 3-vertex if it is a 3-vertex and it is adjacent to some (k - A(G) + 2)-vertices; 
otherwise, it is called normal 3-vertex. In other words, a vertex is a normal 3-vertex if it is a 3-vertex and 
every neighbor of visa (k - A(G) + 3)^-vertex by Lemma 7. 

Lemma 8. If G is a Ar-deletion-minimal graph with k > A(G) -i- 2 and u; is a (/c - A(G) + 3)-vertex, then w 
is adjacent to at most k - A(G) + 1 vertices of degree three. 

Proof. Let t = k - A(G) + 3. To derive a contradiction, assume that w is adjacent to at least t - 1 
vertices of degree three. Let N{w) = {u,xi,..., Xj^i) and y be a 3-vertex and N{u) = {w, vi,V2}. Without 
loss of generaUty, let (p be an acyclic edge coloring of G - vw with <p(wxi) = / for / - 1, . . . ,t - 1. 
If U^iuj) n 1i^{v) - 0, then Asg{w) + deg(t;) < A(G) + 3 < k + 2, which contradicts Fact 2. Hence, 
\^^(w) n 1/0(11)1 > 1. Without loss of generality, assume that <p(vui) - 1. 

Case 1. \%(^(w)m(^(v)\ = 1. 

Without loss of generality, let (p{vv2) - t. For every color 9 in {t + I, . . . , k}, there exists an (1,9, v, w)- 
critical path with respect to 0; otherwise, we can assign some 9 to vw and obtain an acyclic edge coloring 
of G with K colors, a contradiction. Hence, U^{vi) 2 {1,t + \,...,k] and ^^(xi) 3 {1,t + 1,...,k}. 
Consequently, there exists no (1,9, u, !;2)-critical path with respect to (p for any 9 e {t + I, . . . ,k}. 

Claim 1. There is an (1, t, v, u;)-critical path (not including V2) with respect to </>. 

Proof. Suppose that there is no (1, t, u, i(;)-critical path with respect to (p. Modify (p by erasing r from uv2 
and assigning t to vw, it yields an acyclic edge coloring (p* of G-vv2- Note that 'U^>(v)r\'U^>(v2) = {1). If 
there is a color 9in{T +\, . . . ,k] which is missed at V2, then 9 is valid for vv2 with respect to (p* since there 
is no (1, 0, y, !;2)-critical path with respect to 0, a contradiction. It follows that '1/0(02) 2 {1,t, . . . and 
then C^(v2) Q {2, . . . , t - 1). If C^(v\) n C^(v2) + 0, then choose a color a e C^(v\) n C^(v2) and extend 
(p* by assigning a to vv2, it yields an acyclic edge coloring of G with k colors, which is a contradiction. 
Hence C^(v2) Q ^^(vx) and C^(vx) Q K4U2). Note that C4V2) c {2, . . . , r - 1) and |Q(y2)l >k-A(G), it 
follows that deg(«;)-i-deg(t;i) = K+\U^(vi)r\{l, ...,t}\>k+ 1 +(/c-A(G)) - k-2 + t> A(G) + t. Hence, 
deg(iii) = deg(v2) = A(G) and k = A(G) + 2, and then r = 5 and |C0(!;2)I = 2. Without loss of generality, 
assume that C0(y2) = {2,3), and then 'ZY0(i;i) = {1,2,3,6, ... ,k} and '1/0(02) = {1,4,5,6, ... ,k}. Modify 
by reassigning 4 to uoi, we obtain an acyclic edge coloring ^4 5 of G - vw; hence, for every color 9 
in {6, ... , k}, there exists an (4, 9, v, u;)-critical path with respect to ^4 5, and thus ^^(x4) 2 {4, 6, ... , k}. 
Modify <p by reassigning 5 to uvi and reassigning 2 to VV2, we obtain an acyclic edge coloring ^5.2 of 
G - vw; hence, for every color 9 in {6, ... , k}, there exists an (2, 9, v, u;)-critical path with respect to 05 ^, 
and thus U^(x2) 2 {2, 6, ... , k). Modify (p by reassigning 5 to vv\ and reassigning 3 to vv2, we obtain 
an acyclic edge coloring 05 3 of G - vw; hence, for every color in {6, ... , k], there exists an (3, 9, u, w)- 
critical path with respect to (^53, and thus 't(^(xj,) 2 {3,6, ... ,k}. That is, S^(wxi) 2 {6, ...,/<■) for 
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/ = 1, ... ,4. Recall that w is adjacent to at least four 3-vertices, including x, and xj. Hence, k - 7 and 
S^iwxi) = S^(wxj) = {6, 7). Modify <ps^i by exchanging colors on wx, and wxj, and assigning 6 to vw, we 
obtain an acyclic edge coloring of G with k colors, a contradiction. □ 

Hence, U^{ui) n tl^{x\) 3 {1,t, . . . ,a:). The degree of x\ is at least four since |{1,t, ...,/<■)!> 4, it 
follows that X2, . . . , are all 3-vertices. 

Note that C^{vi) c {2, . . . , t - 1}. Without loss of generality, assume that {2, . . . , r - 2} c C^Cni) c 
{2, . . . ,T - 1). Modify by erasing the color on wx2 and assigning 2 to yw, we obtain an acychc edge 
coloring xj/ofG- wx2- If U^{x2) n U^iw) - {/), then x, is a 4^-vertex by the above arguments, and then 
i= \. Extend i/r by assigning to WX2, where is in {t, ...,/<■) n C^Cxi), we obtain an acyclic edge coloring 
of G, which is a contradiction. Hence, |'Z/|/,(x2)n u;)| = 2; in other words, \H^{x2)C\{l, . . . ,t-\}\ = 3. 
Similarly, we can prove that \^^(xi) n {1, . . . ,t - 1)| = 3 for j = 2, . . . ,t - 1. 

If 1 ^ K^ix2), then every color in {r, . . . , /c) is vahd for wx2 with respect to i//, a contradiction. So 
we may assume that 1 g K^(x2), and let %l^{x2) - {1,2, r). For every i g {t, . . . ,/c), there exists no 
(1, i, w, x2)-critical path with respect to ij/, then there exists an {r, i, w, X2)-critical path with respect to iff, 
we obtain deg(xr) > 4, which is a contradiction. 

Case 2. \^(^(w) n ^(4u)\ = 2. 

Without loss of generahty, we may assume that (p(vv2) = 2. For any ; G {t, . . . ,/c), there exists an 
(1 , i, V, «;)-critical path with respect to or there exists an (2, /, u, i(;)-critical path with respect to (p. 

Subcase 2.1. Either 5 ^(yui) 2 {t, ■ ■ ■ , or S^ivv2) ^ {t,..., k}. 

By symmetry, assume that t ^ S^{vv2). Note that t is not valid for vw with respect to 0, it follows 
that there exists an ( 1 , t, y, u;)-critical path with respect to ^, and then there is no ( 1 , t, v, ii2)-critical path 
with respect to (p. Modify by reassigning t to m2, we obtain an acychc edge coloring (p'ofG- vw with 
\l^^i(w) n ^0'iv)\ - 1 and then we go back to Case 1. 

Subcase 2.2. S^(vvi) 2 {r, . . . , /<■) and S^{w2) 2 {t, . . . , k}. 

Suppose that x\ and X2 are all 3-vertices. For every color i in {t, . . . , k], there exists an (1, /, v, w)- or 
(2, i, V, w)-critical path with respect to 0. Hence, there is an 7 in {1,2) such that S^{wxj) are all greater 
than T, and then modify by reassigning a color in {r, . . . , /c} \ S^{wxj) to wXj, we obtain an acychc edge 
coloring oiG-vw and go back to Case 1. So we may assume x\ is a 4'^-vertex. 

Note that c {2, . . . ,T-l}andQ(y2) £ {1,3, ... ,t-1), it follows that C0(t;i)n{3, ... ,t-1} i= 0, 

say 3 G C^{vi). Modify by reassigning 3 to vvu there exists an (3,2)-bichromatic cycle containing vv\\ 
otherwise, one of X2 and X3 must be a 4"^-vertex, a contradiction. Hence, 2 e U^{v\) and 3 g 1/^(^2)- 
Hence, C^{v\) = {3, . . . ,t - 1} and C^{V2) = {1,4, ...,t-1). Modify <^ by reassigning 4 to yyi, we obtain 
an acyclic edge coloring of G - vw, we can prove that one of X2 and X4 is a 4+ -vertex, a contradiction. □ 

Lemma 9. Let G be a /c-deletion-minimal graph with k > A(G) + 3, and let y be a 3-vertex with N(v) - 
{w, vi, V2], and deg(u;) - /c- A(G) + 3. If wvi,wv2 G E(G), then deg(yi) = deg(i;2) = A(G) and w is adjacent 
to precisely one vertex (namely v) of degree less than A(G) - 1. 

Proof. Let n = k - A(G) -1- 2. Note that n > 5. Without loss of generality, assume that Niw) = 
{y, xi , . . . , x„). Since G is a /f-deletion-minimal graph, it follows that G admits an acyclic edge coloring (p 
ofG-vw with (piwxi) - ifoii- \, . . . ,n.lf'U^{w)r\ K^iv) = 0, then degCw) + deg(y) < A(G) + 3 < k + 2, 
which contradicts Fact 2. Hence, \^^{w)r\^^{v)\ > 1. Without loss of generahty, assume that = 1. 

Case 1. \K^iw) n = 1. 

Without loss of generality, we may assume that (/>ivv2) = n+l. For any i € [n + 2,. . . ,k}, there exists 
an (1, i, V, i(;)-critical path with respect to <p. Note that \{n + 2,..., k}\ = A(G) - 3. 
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Subcase 1.1. <p(wv2) = (pivv\). 

Thus S^iuuj) □ {l,n+2, ...,/<•). Modify <p by erasing n + 1 from vv2 and assigning n+1 to vw, we obtain 
an acyclic edge coloring if/oiG- vv2. Note that |{2, . . . , n} n ^^(yyi)! ^ 1 and |{2, . . . , n} n < 2, it 

follows that {2, . . . , n} \ U S^{vv2)) + 0, but every color in this set is valid for m-i with respect to 

a contradiction. 

Subcase 1.2. ^{wvi) + (pivvi). 

If (piwvi) i S^{vv\), then modify by reassigning (piwvi) to uoi, we go back to Case 1.1. So we may 
assume that (pivvi) g S^{vv\). Hence, degCui) = A(G) and S^{vvi) = {« + 2, ...,*:} U {^{wvi),^{wv2)}. 
Modify by erasing n + 1 from m2 and assigning n + 1 to vw, we obtain an acyclic edge coloring i(r of 
G - VV2. Note that Q(u2) \ {l,<p(wvi), (f>iwv2)} + 0, but every color in C^ivi) \ {l,^(a)i;i),0(«;y2)} is valid 
for ui>2 with respect to i/', a contradiction. 

Case 2. 1^^0(10) n nA^{v)\ = 2. 

Without loss of generality, we may assume that ^{w2) = 2. For any i e [n + \, . . . ,k], there exists an 
(1, J, V, !«)-critical path with respect to (f> or there exists an (2, i, v, i(;)-critical path with respect to (p. 

Let Ti = {i \ i e {n + \, . . . ,k] and there exists an (1, /, v, u;)-critical path with respect to (p] 
and T2 = {j \ j & {n + 1, . . . ,k} and there exists an (2, j, v, «;)-critical path with respect to 0}. 

Hence, Ti U T2 - [n + I,. . . ,k}. 

Suppose that either S^ivv\) ^ {n + I, . . . ,k] or S^{vv2) 2 {n+ 1,...,k}. Without loss of generality, 
assume that n + I i S ^(uv2)- By the assumption, it follows that there exists an (1, « + 1,1", u;)-critical path 
with respect to (f>. Modify <p by reassigning n + 1 to vv2, we obtain a new acycUc edge coloring t// of G-vw 
with l^^iw) n ^^iv)\ = 1, and then we go back to Case 1. 

So we may assume that 5 0(11111) 3 {n + 1, . . .,k] and S^{vv2) 3 {« + !,...,/<•). In fact, S ^(vvi) = 
{n+ 1,...,k}U {(f>(wui)] and S^(vv2) = {n + 1, . . . , /f) U [cf)iwv2)Y, deg(ui) = deg(y2) = A(G). 

Subcase 2.1. (p{wv2) + ip(pv\) and 4>{wui) + 4'(vu2). 

Without loss of generality, let <piwvi) = n - I and (fi{wv2) = n. By symmetry, we may assume that 
Tx + 0. Modify by reassigning 1 to m2 and reassigning an arbitrary color j e {1, . . . , n} \ {1, n - 1} to 
vv\, we obtain a new acyclic edge coloring 0i of G - vw. Note that every candidate color for vw is not 
vaUd. In other words, if assign an arbitrary color Q\ in T\ to vw, then there exists an 0i)-bichromatic 
cycle containing vw, thus T\ c S^iwxi) for j = 1, . . . ,n. Similarly, modify by reassigning 2 to vv\ and 
reassigning an arbitrary color / e { 1 , . . . , «) \ {2, «), we obtain another acyclic edge coloring 02 of G - vw, 
we can prove that T2 £ S^{wXi) for ; - 1, . . . Now, we have S^{wXi) 3 Ti U T2 - [n+ 1, . . . ,/c) for 
i= 1, . . . , n; thus deg(x,) > A(G) - 1 for j = 1, . . . , n. 

Subcase 2.2. (f>iwv2) = (pivvi) and (piwvi) = (pivv2). 

This is impossible, otherwise, there exists a bichromatic (1, 2)-cycle wv2VV\w. 

Subcase 2.3. (p{wv2) = (f>ivvi) and (/>iwvi) + ^ivv2). 

Modify (/> by reassigning a color in {1, .. .,n] \ {l,2,<p{wv\)] to vvi, we obtain a new acyclic edge 
coloring of G - vw, and thus go back to Case 2.1. 

Subcase 2.4. (piwv2) + (pivvi) and (piwvi) = (frivv2). 

Modify (p by reassigning a color in { 1, . . . , n) \ {1, 2, (f)(wv2)} to 1)1)2, we obtain another acyclic edge 
coloring of G - vw, and thus go back to Case 2. 1. □ 
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4 Applications 

Theorem 4.1 (Basavaraju and Chandran [5]). If G is a graph with A(G) < 4, then y^(G) < A(G) + 2 
unless G is 4-regular. 

Proof. Let G be a minimal counterexample to the theorem and k - A(G) + 2. Since the hypothesis is 
deletion-closed, it follows that G is a /c-deletion-minimal graph. Hence G is 2-connected and <5(G) > 2. 
By Lemma 4 and Lemma 6, the graph G has no 2- and 3-vertices, hence G is 4-regular. □ 

Theorem 4.2 (Basavaraju and Chandran [7]). If G is a subcubic graph, then the acyclic chromatic index 
of G is at most A(G) + 1, unless G is 3-regular. 

Proof. Let G be a minimal counterexample to the theorem and k - A(G) + I. Since the hypothesis is 
deletion-closed, it follows that G is a A--deletion-minimal graph. By Lemma 5, the graph G contains no 
2- vertices, and then G is 3-regular □ 

Theorem 4.3. If G is a graph with mad(G) < 4, then G has an acyclic edge coloring with A(G) H-2 colors. 

Proof. Let G be a minimal counterexample to the theorem k - A(G)-i-2. Since the hypothesis is deletion- 
closed, it follows that G is a /c-deletion-minimal graph. Hence G is 2-connected and 6(G) > 2. Since 
mad(G) < 4, it follows that 



Assign the initial charge of every vertex v to be deg(u) - 4. We design appropriate discharging rules 
and redistribute charges among the vertices, such that the final charge of every vertex is nonnegative, 
which derive a contradiction. 

The Discharging Rules: 

(Rl) Every 2-vertex receives 1 from each of its 6^-neighbors; 

(R2) If y is a special 3-vertex, then v receives 1/2 from each of its 5^-neighbors. 

(R3) If u is a normal 3-vertex, then v receives 1 /3 from each of its 5^-neighbors. 

By Lemma 4 and Lemma 6 and the discharging rules, the final charge of every 2- or 3-vertex is zero. 
If y is a 4-vertex, then its final charge equals to its initial charge zero. 

Let y be a 5-vertex. By Lemma 4, the vertex v is not adjacent to any 2-vertex. If v is adjacent to a 
special 3-vertex, then v is adjacent to at least three 4^-vertices by Lemma 6, and then its final charge is 
at least 5-4-2x1/2 =0. If y is not adjacent to any special 3-vertex, then its final charge is at least 
5-4-3x1/3 = by Lemma 8. 

Let y be a 6^-vertex. If v is adjacent to at least four 4^-vertices, then its final charge is at least 
deg(L')-4-(deg(t;)-4) - 0. By Lemma 3, if v is adjacent to some 2-vertices and exactly three 4^-vertices, 
then its final charge is at least deg(t;) - 4 - (deg(t;) - 5) x 1 - 2 x 1 /2 = 0. So we may assume that v is not 
adjacent to any 2-vertices. If v is adjacent to some special 3-vertices, then v is adjacent to at least three 
4^-vertices, and then its final charge is at least deg(y)-4-(deg(t;)-3)x 1/2 = (deg([;)-5)/2 > 0. If all the 
3"-vertices in Nciv) are normal 3-vertices, then the final charge of v is at least deg(i;) - 4 - deg(t;) x 1 /3 = 



Theorem 4.4. Let G be a planar graph without triangles adjacent to cycles of length 3 and 4. If every 5- 
cycle has at most three edges contained in triangles, then G admits an acyclic edge coloring with A(G) + 2 
colors. 




(1) 



2deg(t;)/3-4>0. 



□ 
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Proof. Let G be a minimal counterexample to the theorem and it has been embedded on the plane, let 
K - A(G) + 2. Since the hypothesis is deletion-closed, it follows that G is a A--deletion-minimal graph. 
Hence G is 2-connected and the boundary of every face is a cycle; in other words, the boundary of a 
A;-face is a ^-cycle. By the hypothesis, we know that every 3-face is adjacent to 5^-faces. 
From the Euler's formula, we have the following equality: 

2 (deg(.) - 4) + 2 (deg(/) - 4) = -8 (2) 

ueV(C) /ef(G) 

Assign the initial charge of every vertex v to be deg(Li) - 4 and the initial charge of every face / to 
be deg(/) - 4. Clearly, the sum of the initial charges of vertices and faces is -8. We design appropriate 
discharging rules and redistribute charges among the vertices and faces, such that the final charge of every 
vertex and every face is nonnegative, which derive a contradiction. 

The Discharging Rules: 

(Rl) Every 2-vertex receives 1 from each of its 6^-neighbors; 

(R2) If y is a special 3-vertex, then v receives 1/2 from each of its 5^-neighbors. 

(R3) If is a normal 3-vertex, then v receives 1/3 from each of its 5^-neighbors. 

(R4) If / is a 3-face, then / receives 1/3 from adjacent 5^-faces passing through each of its incident 
edges. 

By Lemma 4 and Lemma 6 and the discharging rules, the final charge of every 2- or 3-vertex is zero, 
and the final charge of every 3-face is zero. If y is a 4-vertex, then its final charge equals to its initial 
charge zero. 

Let y be a 5-vertex. By Lemma 4, the vertex v is not adjacent to any 2-vertex. If v is adjacent to a 
special 3-vertex, then v is adjacent to at least three 4^-vertices by Lemma 6, and then its final charge is 
at least 5-4-2x1/2 = 0. If u is not adjacent to any special 3-vertex, then its final charge is at least 
5-4-3x1/3 = by Lemma 8. 

Let t; be a 6^-vertex. If v is adjacent to at least four 4^-vertices, then its final charge is at least 
deg(ii)-4-(deg(y)-4) - 0. By Lemma 3, if v is adjacent to some 2-vertices and exactly three 4^-vertices, 
then its final charge is at least deg(t;) - 4 - (deg(t;) - 5) x 1 - 2 X 1 /2 = 0. So we may assume that v is not 
adjacent to any 2-vertices. If v is adjacent to some special 3-vertices, then v is adjacent to at least three 
4^-vertices, and then its final charge is at least deg(t;)-4-(deg([;)-3)x 1/2 = (deg([;)-5)/2 > 0. If all the 
3~-vertices in Nciv) are normal 3-vertices, then the final charge of v is at least deg(i;) - 4 - deg(y) x 1 /3 = 
2deg(u)/3-4>0. 

If / is a 4-face, then its final charge is deg(/) -4 = 0. If / is a 5-face, then its final charge is at most 
5-4-3x1/3 = 0. If / is a 6^-face, then its final charge is at least 

deg(/) - 4 - deg(/) X ^ = ^ deg(/) - 4 > 0. 

Therefore, the final charge of every vertex and every face is nonnegative, and then the sum of the final 
charges is nonnegative, which derive a contradiction. □ 

As immediate consequences of this theorem, we have the following corollaries. 

Corollary 1. Every planar graph G without triangles adjacent to cycles of length from 3 to 5 admits an 
acyclic edge coloring with A(G) + 2 colors. 

Corollary 2 ([15]). If G is a planar graph without 4- and 5-cycles, then G admits an acyclic edge coloring 
with A(G) + 2 colors. 
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Corollary 3 ([15]). If G is a planar graph without 4- and 6-cycles, then G admits an acyclic edge coloring 
with A(G) + 2 colors. 

Corollary 4 ([12]). If G is a plane graph such that every vertex is contained in at most one 4" -face, then 
G admits an acyclic edge coloring with A(G) + 2 colors. 

Recently, Wang et al. [24] proved the following result. 

Theorem 4.5. If G is a 4-regular graph, then G admits an acyclic edge coloring with six colors. 

Therefore, if G is a /c-deletion-minunal graph with k > A(G) + 2, then A(G) > 5. 

Lemma 10 ([23]). Let G be a /c-deletion-minimal graph. If a- > A(G) + 2 and A(G) > 5, then G contains 
no (4,4,4)-cycle. 

Theorem 4.6. If G is a plane graph without intersecting triangles, then ~/!„{G) < A(G) + 3. 

Proof. Let G be a minimal counterexample to the theorem and k - A(G) + 2. Since the hypothesis is 
deletion-closed, it follows that G is a /(--deletion-minimal graph. Hence G is 2-connected and the boundary 
of every face is a cycle; in other words, the boundary of a A:-face is a ^-cycle. 
From the Euler's formula, we have the following equality: 

J] (deg(i;) - 4) + 2 (deg(/) - 4) = -8 (3) 

veV(G) feF(C) 

Assign the initial charge of every vertex v to be deg(y) - 4 and the initial charge of every face / to 
be deg(/) - 4. Clearly, the sum of the initial charges of vertices and faces is -8. We design appropriate 
discharging rules and redistribute charges among the vertices and faces, such that the final charge of every 
vertex and every face is nonnegative, which derive a contradiction. 

The Discharging Rules: 

(Rl) Every 2-vertex receives 1 from each of its 7^-neighbors; 

(R2) If u is a special 3-vertex, then u receives 1/2 from each of its 6^-neighbors. 

(R3) If y is a normal 3-vertex, then u receives 1/3 from each of its 6^-neighbors. 

(R4) Let / be a 3-face in G. If / is incident with exactly one 5^-vertex, then / receives 1 from this 5^- 
vertex; if / is incident with at least two 5^-vertices, then / receives 1 /2 from each of its incident 
5 ^-vertex. 

By Lemma 4 and Lemma 6 and the discharging rules, the final charge of every 2- or 3-vertex is zero. 
If y is a 4-vertex, then its final charge equals to its initial charge zero. 

Let I) be a 5-vertex. By Lemma 4, the vertex u is not adjacent to any 2-vertex. By the discharging 
rules, the vertex v can only send charges to its incident 3-face, and thus the final charge of v is at least 
5-4-1=0. 

Let y be a 6-vertex. By Lemma 4, the vertex v is not adjacent to any 2-vertices. By Lemma 8 and the 
discharging rules, the vertex v sends charges to at most four 3-vertices or one 3-face, the final charge of u 
is at least 6-4x1/2-1=0. 

Let y be a 7^-vertex. If u is adjacent to at least five 4^-vertices, then its final charge is at least 
deg(L') - 4 - (deg(t;) - 5) - 1 =0. By Lemma 3, if v is adjacent to some 2-vertices and exactly four 
4^-vertices, then its final charge is at least deg(i;) - 4 - (deg(t;) - 6) x 1 - 2 x 1 /2 - 1 =0. So we 
may assume that u is not adjacent to any 2-vertices. If v is adjacent to some special 3-vertices, then u is 
adjacent to at least four 5"^-vertices, and then its final charge is at least deg(y) - 4-(deg(i') -4) x 1/2- 1 = 
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(deg(ii) - 6)/2 > 0. Thus we assume all the 3"-vertices in Nc(v) are normal 3-vertices. If v is incident 
with a 3-face, then it is adjacent to at least one 4^-vertices, and then the final charge of u is at least 
deg(ii) - 4 - (deg(t;) - 1) x 1/3 - 1 = (2 dsg(v) - 14)/3 > 0. If u is not incident with any 3-face, then the 
final charge of u is at least deg(t;) - 4 - deg(y)/3 = (2 deg(ii) - 12)/3 > 0. 

If / is a 4^-face, then its final charge is deg(/) - 4 > 0. By Lemma 4 and Lemma 7 and Lemma 10, 
every 3-face is incident with at least one 5^-vertex, then its final charge of every 3-face is nonnegative. 

Therefore, the final charge of every vertex and every face is nonnegative, and then the sum of the final 
charges is nonnegative, which derive a contradiction. □ 



5 Concluding remarks 

Lemma 3 does not provide any local structures on the /c-deletion-minimal graph G if /c = A(G). Here, we 
consider one extremal case: 

Theorem 5.1. Let G be a graph with A(G) > 3. If all the 3^-vertices are independent, then Xfl(G) = A(G). 

Proof. Let G be a minimal counterexample to the theorem. Suppose that G is not 2-connected, each 
block is a smaller graph with maximum degree at least three or a graph with maximum degree at most 
two, so each block admits an acyclic edge coloring with A(G) colors, and thus G also admits an acyclic 
edge coloring with A(G) colors. Hence G is 2-connected and the minimum degree is at least two. 

Claim 1. Every 3^-vertex is a vertex with maximum degree. 

Proof. Suppose that y is a vertex with 3 < deg(i>) < A(G) and Ng{v) = {vo, vi, . . . ,Vn}. We may assume 
that the graph G - uuq admits an acyclic edge coloring with A(G) colors and (pivvi) - ifor i - 1 , . . . , n. 
Note that IK^iu) U ^^{uq)] < A(G) and C^ivvo) + 0, every color in C^{w(^ is not valid with respect to 0. 
Thus we may assume that (P(u()Wq) = 1 and \C^(vvq)\ > 2. There exists an (1,0, v, t;o)-critical path for every 
color 6 in C^(uuo), and thus C^{vuo) c S^(uvi), which contradicts with the fact that vi is a 2-vertex. □ 

Suppose that there exists an edge xy with deg(x) = deg(j/) - 2. By the 2-connectedness of G, the 
edge xy is not connected in any triangles, thus G/xy is a simple graph and all the 3^-vertices are also 
independent, so G/xy admits an acyclic edge coloring with A(G) colors. It is easy to see that this coloring 
can be extended to an acyclic edge coloring of G with A(G) colors, a contradiction. Now we know that 
the graph G is bipartite. Let G be the bipartite graph with bipartition X and Y, where X are the collection 
of A(G)-vertices and Y are the 2-vertices. 

Claim 2. For any acyclic edge coloring of G - xyo, we have l/^Cx) n K^iyo) = 0. 

Proof. Let Ndx) = {yo, y\,. . . ,y„] and 4'ixyi) - i for / = Without loss of generality, we may 

assume that <p{xyi) = (p(yowo) - 1. The only candidate color for xi/o is not valid, there exists an 
{1,6, X, i/o)-critical path with respect to 0. If there exists a vertex i/, with / > 2 such that e 1/^(1/ ,), then 
modify by exchanging the colors on xyi and xyj, we obtain a new acyclic edge coloring of G - xj/o, 
but now is valid for xyo, a contradiction. Hence, 6 e C^iyi) for / - 2,...,n. Let <p(xy2) = y6 and 
<Piy2W2) - a. Modify (p by reassigning 6 to xy2, we obtain a proper edge coloring (p* of G - xyo. In fact, 
the resulting coloring <p* is an acyclic edge coloring, otherwise, there exists an (6, Q')-bichromatic cycle. 
This bichromatic cycle is an (6, 1 )-bichromatic cycle xy2W2yix with respect to (p*, and thus there exists an 
(1,6, X, i/2)-critical path, which contradicts with Fact 1. But now the color /3 is valid for xyo with respect 

tO(f>*. □ 

Let xoj/o be an edge of G with xq e X and yo e Y. The graph G-xoyo admits an acyclic edge coloring (p 
with A(G) colors. By Claim 2, we have 'Uip{xo)CYU^{ijo) - 0- We may assume that1/0(xo) = {2, . . . , A(G)) 
and U^iyo) - {!). Recall that ^^(x) = {1, . . . , A(G)) for every vertex x in X. Let yoxiyi ... is the 
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maximal (l,2)-path with respect to <p. This path ends with an edge Xkijk which is colored with 2, since 
all the vertices in X seeing the color 2. Modify 4> by assigning 1 to and assigning 2 to Xjiji+i, where 
/ = 0, . . . - 1, we obtain an acyclic edge coloring tp of G - Xkijk- But Kipixk) ^ U^iyt) + 0, which 
contradicts with Claim 2. □ 

A K-minimal graph G is one with maximum degree at most k, and it has no acyclic edge coloring with 
K colors, but eveiy graph H with MH) < A(G) and \V{H)\ + \E{H)\ < \V{G)\ + \E(G)\ does has an acyclic 
edge coloring with k colors. Obviously, every proper subgraph of a /f-minimal graph admits an acyclic 
edge coloring with k colors. In other words, every /c-minimal graph is also a /c-deletion-minimal graph. 

Lemma 11. Let G be a /c-minimal graph with k > A(G) + 1. If iio is a 2-vertex of G, then vq is contained 
in a triangle. 

Proof. Let Ndvo) = {v, w} and e - uvq. By contradiction, suppose that v and w are nonadjacent. The 
graph G/e is a simple graph, it admits an acyclic edge coloring (p with k colors. Note that A(G/e) < A(G), 
there is a color 6 in C^(v). Extend (/> by assigning to uuq, we obtain an acyclic edge coloring of G, a 
contradiction. □ 

Lemma 12. Let G be a /c-minimal graph with /c > A(G) -i- 2. If t; is a 3-vertex in G, then every neighbor 
of y is a (fc - A(G) + 3)^-vertex. 

Proof. By Lemma 7, every neighbor of u is a - A(G) -i- 2)^-vertex. By Lemma 6, if v is adjacent to a 
(k - A(G) + 2)-vertex w, then the edge wu is not contained in any triangles of G, and thus the graph G/wu 
is a simple graph with maximum degree A(G) since the degree of the new vertex has degree k - A(G) + 3. 
Thus G/wv admits an acyclic edge coloring (p with k colors, and this coloring can be easily extended to 
an acyclic edge coloring of G, a contradiction. □ 
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